DETAILED DERIVATIONS OF VANDERMONDE EQUATION OF FINITE DIFFERENCE
SHENG WANG

Equation:
1 1 1 1 Cy 1
12 22 32 ... N? Cy 0
14 24 34 N* Cs| |0
16 26 36 NS Ci| |0
12}\}'72 92N-2 g2N-2  N2N-2 CN 0
10 20 30 40 50 @0 NO 1]
12 22 32 42 52 62 N2 0
14 24 34 44+ 5 ¢t N 0
16 26 36 46 56 g N6 0
18 28 38 48 58 @8 N8 0
12}\772 92N—2 g2N-2 N2N-2
(1) Step 1: row(i + 1) —row(i)[i = 1,2,3,4,5,..., N — 1]
10 20 30 4O 50 69 NO 1
0 22 1 321 42 — 521 62 —1 N2 -1 -1
0 (22 -1) 3%(32-1) 42(42 — 1) 52(52 — 1) 6%(6% — 1) N2(N?2 -1) 0
0 ( -1 (32 -1 (42 -1 (52 -1 64(62 -1 N4(N2 -1) 0
0 2%(2°-1) 3%(32 1) 4°(4% - 1) 50(5% — 1) 6°(6* — 1) NO(N? —1) 0
_0 22N—4(22 _ 1) 32]\7—4(32 _ 1) 42]\7—4(42 _ 1) 521\7—4(52 _ 1) 62N—4(62 _ 1) N2N_4(N2 1) 0

(2) Step2: row(i + 1) — 2%row(i)[i = 2,3,4,5,..., N — 1]

1 1 1 1 1 1 1 1]
0 22-1 32 -1 42 -1 52 -1 62 —1 N2 -1 ~1
0 0 (32 —2%)(3* - 1) (42 —2%)(4% - 1) (52 —2%)(5% — 1) (62 —22)(6% — 1) (N2 —22)(N? —1) 22
0 0 3232 -2%)(3% - 1) 4247 - 2%)(4* - 1) 52(5% — 22)(5% — 1) 6%(6% —2%)(6* — 1) N?(N? —2°)(N*—1) 0
0 0 34(32 —22)(32 - 1) 44(4%2 - 22)(42 - 1) 54(52 — 22)(5% — 1) 64(6% —22)(6%2 — 1) N*4(N? - 22)(N2 - 1) 0
0 0 32N—6(32 _ 22)(32 _ 1) 42N—6(42 _ 22)(42 _ 1) 52N—6(52 _ 22)(52 _ 1) 62N_6(62 _ 22)(62 _ 1) N2N_6(N2 _ 22)(N2 _ 1) 0 |
(3) Step3: row(i + 1) — 32row(i)[i = 3,4,5,. —1] i
1 1 1 1 1 1 1 1
0 22-1 32 -1 4% —1 52—1 62—1 N2 -1 -1
0 0 (3-2)3 -1 (42 22)(42 1) (52 )(52 1) (62 )(62 1) (N2 —22)(N? —1) 22
0 0 0 ( 32)(4% — 22)(4* — 1) (5% —3%)(5% — 22)(5° — 1) ( 32)(6° — 22)(6° — 1) (N? —3%)(N? - 2%)(N? — 1) —2%3?
0 0 0 42 (42 32)(42 22)(42 - 1) 52(5% — 32)(52 22)(5% — 1) 62 (62 32)(62 22)(62 — 1) N2(N? —32)(N? —22)(N%2 —-1) 0
_'('). 0 0 APN=B(42 - 32) (4% — 2%)(42 — 1) 5PV78(52 —32)(5% — 27)(5% — 1) 62N 8(62 —32)(6% —22)(6* —1) NZNB(N?2-3%)(N?—-2%)(N?—-1) 0 |
(3) Step4: row(i + 1) — 4%row(i)[i = 4,5,..., N — 1]
1 1 1 1 1 1 1 1
0 22-1 32 -1 42 -1 52 —1 62 — 1 N2 -1 -1
0 0 (32-2%)(3-1) (42 —22)(42 - 1) (52 — 22)(52 — 1) (62 —22)(6° - 1) (N? - 22)(N? - 1) 22
0 0 0 (42 — 3%)(4%2 - 22)(4% - 1) (52 — 3%)(5% — 22)(5%2 - 1) (62 —32)(6% — 22)(62 — 1) (N2 —3%) (N2 —2%)(N2 — 1) —2232
0 0 0 0 (5% — 4%)(5% - 3%)(5% — 22)(5° — 1) (6% — 4%)(6% — 3%)(6* — 22)(6° — 1) (N? —H(N? - 3%)(N? - 22)(N? — 1) 223%47
0 0 0 0 52(52 — 42)(5% — 32)(5% — 2%)(5% — 1) 62(6% — 42)(6% — 32)(6% — 22)(62 — 1) N?(N? — 4 (N? - 3%)(N? — 22)(N? - 1) 0
_O 0 0 0 52N—1052 _ 42(52 _ 32)(52 _ 22)(52 _ 1) 62N—10(62 _ 42)(62 _ 32)(62 _ 22)(62 _ 1) N2N—10(N2 _ 42)(N2 _ 32)(N2 _ 22)(N2 _ 1) 0
(k) Step k: row(i + 1) — k*row(i)[i = k,k +1,..., N — 1]
1 1 1 1 1 1 1 1
0 22-1 32 -1 42 —1 52 -1 62 —1 N2 -1 ~1
0 0 (32-2%)(32-1) (42 — 2%)(4%2 - 1) (52 —2%)(5%2 — 1) (62 —22)(6%2 — 1) (N2 —2%)(N2 - 1) 22
0 0 0 (42 —32)(42 — 2% (42 - 1) (52 —32)(5% — 2%)(5% — 1) (6% —32)(6% — 22)(62 — 1) (N? —32)(N? —22)(N% - 1) —2232
0 0 0 0 (52 — 42)(5% — 32)(52 — 22)(5% — 1) (62 — 42)(62 — 32)(62 — 22)(6% — 1) (N2 — (N2 - 32)(N2 — 22)(N2 — 1) 923242
0 0 0 0 0 (k412 = K2)((k+1)% = (k= 1)2).((k +1)2 = 1) ((k+2)2 = k2)((k+2)% — (k= 1)2).((k +2)% 1) (N? — k2)(N? — (k — )2) (N?2—1) (—1)k223242.. 2
0 0 0 0 0 (E+1)2 =) ((k+1)2—(k—1)?)...(k+1)2-1) (E+2)?2 =) ((k+2)?%—(k—1)?)...((k+2)?-1) (N? — k?)(N? — (k—1)?)...(N? - 1) (—1)k223242 . k2
0 0 0 0 0 (k+1)2((k+1) — k) ((k+1)2 — (k—1)2)...(k+1)2 = 1) (k+2)2((k+22— k) ((k+2)% = (k—1)2)...(k+2)2—-1) N2(N2 — k2)(N2 — (k —1)?).. (N2— 1) 0
0 0 0 0 0 (k+DHE+1)2 -2 (E+1)?2 - (k—1)2)...((k+1)2-1) (k+2)*((E+2)2 - k2 ((k+2)?% - (k—1)?)..(k+2)?2—1) N*(N? — k?)(N? — (k 1)?)...(N?2 - 1) 0
0 0 0 0 0 (k+ 1N =22((k 4 1)2 = ) (k4 1)2 = (k= D))k + 12 = 1) (k+2)2V7272((k+2) = B2)((k +2)° = (k= 1DD).((k+2)2 = 1) NN "22(N2 — k2)(N? = (k = 1)2)..(N? — 1) 0
(N-1) Step N-1: row(i + 1) — k*row(i)[i = N — 1]
1 1 1 1 1 1 1 1
0 22-1 32 -1 4% -1 52 —1 62 —1 N2 -1 -1
0 0  (32-2)@3-1) (42 -2%)(42 - 1) (52 —22)(5% - 1) (62 —22)(6* - 1) (N2 —22)(N? - 1) 22
0 0 0 (42 — 32)(42 — 22)(42 - 1) (52 — 32)(5% — 22)(5% — 1) (62 — 32)(6% — 22)(6% — 1) (N2 —32)(N? —2%)(N%2 -1) —2232
0 0 0 0 (52 — 4%)(5% — 32)(5% — 22)(5% — 1) (62 — 42)(6% — 32)(6% — 22)(6% — 1) (N? —4)(N? - 32)(N? — 22)(N? - 1) 223242
0 0 0 0 (k4102 = k)((k+1)% = (k= 1)2)((k+1)2 = 1) (k+2)2 = K2)((k+2)% — (k= 1)2)((k+2)2 — 1) (N? — K2)(N? — (k — 1)2)...(N? — 1) (—1)k223242 12
0 0 0 0 0 (k+2)2 = (k+ 1)) ((k+2)2 — k) ((k+2)2 — (k—1)2)..((k+2)2—1) (N2 — (k+1)2) (N2 —k)(N2 = (k—1)?)..(N2 —=1) (=1)F+1223242 (k4 1)2
0 0 0 0 0 .0 (N=1)2 = (N —2)2).(N2—3)(N2—22)(N2—=1)  (N?— (N —2)2)..(N2—32)(N2—22)(N2—1)  (—1)N—2223242 (N — 2)?
|0 0 0 .0 0 .0 0 (N2 — (N —1)?)...(N? = 3%)(N? — 22)(N2 — 1) (—1)N=1223242 (N — 1)
aij = (5 = (= 1)*)(7* - ((—=2*)(* - 1)
(N) Step N-1: Divide: row(i + 1)/a;
(11 1 1 1 1 1 1
0 1 %=1 - =1 St o1
0 0 1 = Dy (-2 (62-22)(62—1) (N2-2%)(N?-1) 22
EF-2)(F-1) 21 (37-22)(3-1) (ET-22)(3-1) BT-22)(3-1)
00 0 -0 1 G e G I Tt S S B e <<l«+1>2’—k2)<(<;}r)1k>Z S (CERIEE)
0 0 0 0 0 1 (N?—(k+1)%)(N%—k?)(N?—(k—1)%)...(N?-1) (=1)F+1223242  (k41)?
27— (R )2 (427 R2) (R 22— (k= 1)) (k22 1) (3217 (R D) (R 27— R2)((k+2)2— (kD)%) ((kT2)2 1)
1 (N2—(N—-2)?)...(N?-3%)(N?—2%)(N?-1) —1)V 2223242 (N—2)2
(N=-1)2=(N—2)2)...(NZ=32)(N2—22)(N2-1) (N=-1)2— N %;2)12(?1)\412—32\([1\_/21)—222)(1\72—1)
0 .0 0 .0 0 1 o~ (N 1) J o (NZ=3%) (NZ=223)(N2=T)
B (e A Vi ) et Chet) 8 Lt | PP
R (e e R ) PR VR
i)+ )i -2 i+ 2+ 3)( i +3)..(f+ 1)~ 1)
(i+i—-1)(—i+1)(i+i—2)(i—i+2)(i+i—3)(i—i+3)..(i+1)(i—1)
_ i) +i-2.G+ DG - DG~ 2 —i+ 1)
(2i—1)(2i —2)...(i+ )i —1)(i —2)..1
_ i+ +i=2)..(—it 1)
§(2i —1)(2i — 2)...1
_ i i)
32 = 1)I(j —9)!
A (—1)i=12232_(j —1)2

@~ G~ DI~ (- 222 — 1]

_ (1) — D
(i+i-DG—i+D(+i-2)(i—i+2..i+1)G—-1)
_ —1)i (- DI
(i+i—1)(i+i—2)..(i+1)(i—1)..1
I G Vi (e Y
N (26 —1)!
(DTG - 1)
N (26 —1)!
_1 ai12 ai13 A14 A1 alN_ _01_ _bl_
0 1 a23 Q24 A25 .. Q9N CQ bQ
0 0 1 as4 Q35 ... QAazN Cg bg
0 0 0 1 Q(k41) - OkN Cy, by
0 0 0 0 0 1] |Cn by
_Cl_ 0 a1 Q13 Q14 Ais alN_ _Cl_ _bl_
CQ 0 0 a923 Q24 0425 ... QgnN CQ b2
Cg 0 0 0 as4 Ass ... asn Cg bg
= — |... =+ | ...
Ck 0 0 0 0 ak(k+1) e QpN Ck bk
Cn 0 0 0 0 0 0 Cn by
Cr = br—aprs1)Crr1 — apy2)Crrz — - — arnCn
N
= be— Y axCi
i=k+1
DM - DR EN: Ki+k—1)
B (2k —1)! S 12k = 1)1 — k)! !
(—1)N=L(N — 1)IN!
Cn =
(2N — 1)
(—1)N=1(N — 1)IN!
Cy =
(2N — 1)
, (=DMt 1
@ = T T3
s _ (=121 1
O = 50 10
(—D)N2(N—2)(N —1)! (N —1)(2N —2)!
Cno1 = - Cn
(2N — 3)! N(2N — 3)!




